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CKOPOCTH YUYACTKOB IIPAIHU, OT'UBAIOIIINX KPOMKY BUJIBHOU IVIAHKA
B.A. Jlvsiuxos, /].B.Heaniox

ManaraeTcs nocTpoeHne matemaTu4eckon Mogenu, onucbiBaloLwen OTHOCUTENbHbBIE CKOPOCTU Npaau, ornbatoLew KPOMKY 6unbHoM

NiiaHkn, B BO34YLWHbIX NOTOKaXx Nona TpenaHua.

B pabore H.H.Cycnoma [l] moka3aHO, dYTO
MIPUPOJA CHUII COIIPOTUBIICHUS ABUKEHUIO TPEMAIBHBIX
0apabaHOB Ha XOJOCTOM XO/y U IIPH B3aUMOJICHCTBUU
C MaTepUaIoOM OJIHA M Ta )K€ M 3TH CHJIbI ONPEACISIOT-
Csl CHJIAMH a’3pPOJMHAMUYECKOTO COMPOTHBIICHHSI.
[IpuyeM MOIIHOCTb, pacxoiyeMmas Ha MPEOAOJICHHE
CHJI CONMPOTHUBIICHHS, TaK XK€ KaK M Y BEHTHJISTOPOB,
MPONOPLHUOHAIIbHA TPEThEH CTENEHU YIJIOBOM CKOPO-
CTH BpAIICHUS TpeNmaJbHbIX OapabanoB. [losTomy mms
OIIpe/IeTICHUs] CUJI, ICUCTBYIOIIMX Ha MPSIb B IPOLEC-
ce TpemnaHusi, HeOOXOJUMO 3HaTh CKOPOCTH Iepeme-
HICHHUA NP B BO3AYIIHBIX IMOTOKaX IMOJIA TPECTIaHUA.

W3BecTHO, YTO MBIKEHHE B CHCTEME KOODIH-
HaT XOY (puc.l) yuacTka mpsau, pacroyioKEHHOTO
Ha KPOMKE OMJIbHOM MJIaHKH, MOYHO MPEICTaBUTh KaK
COBOKYITHOCTb JBYX JIBH)KCHHUIl: MEPEHOCHOTrO (IBH-
KEHHsI BMECTE C KPOMKOW) M OTHOCHTEIIBHOTO (IBH-
JKEHUsI TMPSIIU OTHOCHUTEIBHO KPOMKH). B oTHOCH-
TENFHOM JBIDKCHUH OPSAb COBEPINACT TaK Ha3bIBae-
MO€ KOHTYpHOE ABHXKCHHE 0 3aJaHHOI MOBEPXHO-
CTH, 00pa30BaHHOM MOBEPXHOCTHIO KPOMKH OMIBHOMN
riaHky. [{eHTp BpalleHus B MEPEHOCHOM JIBHIKEHUU
€CTh OCh BpallleHHs TpenaabHoro Gapadbana O; B OT-
HOCHUTEJIBHOM — LIEHTP KPHBU3HBI IEpEIHEH KPOMKHU
Oy wiu Oy s ThUTBHOM KpoMKH (cM. puc.l). Torma
BEKTOp TOJIHOW CKOPOCTH TOUYKU NPSAM S, HaXOns-
HIelicsl Ha TMEpeaHEed KpOMKe OMIBHOW IUIaHKH K-TO
owa,

Vie=ViE + Vi

e o
rae Vi - mepeHocHas CKOPOCTbH NpSAU — JIHMHEHHAs

CKOPOCTb JIBHXKEHUsS] KPOMKH OWJIBHOW IJIaHKH.
IlockosbKy paguyc KpOMKHU r<<R,

Vi =R,

TIIe @ —yTJIOBasi CKOPOCTH;
R— panuyc TpenansHOTO Oapabana;

r o
Vk — JIMHEWHAaA CKOPOCTh ABMKCHUA IPAIA OTHO-

CUTENBHO KpOMKHM Omia. Omnpenensiercs Uist de-
MEHTa, PACIOJI0KEHHOTO Ha KPOMKE k-ro Ouiia Kak
U3MEHEHUE BO BPEMEHHU JUIMHBI dLj COBOKYITHOCTH
YYaCTKOB TPSIH, KOHTAKTUPYIOIIUX C OWJIaMH OT
TOYKH 3aKuMa (11 KOTOPO# MpUHUMAETCS 3HAYe-
Hue k = 0), 10 mepeaHeit KPOMKH k-TO OHMIIa;

'L 'L
Vkr:—d k :a)—d k.

dt da
dLy =Lj — Ly,

rmue L,’C, Lj — nnmHa COBOKYITHOCTH YYacTKOB IIPSIH

MEXIy TOYKOH ee 3aKMMa M TepeHed KPOMKH
k-ro Omnma mpu df=0 W HA MOMEHT BpEMEHHU

a
dt =— (upu noBopore Guia Ha yroi da) coot-
w

BCTCTBCHHO.
Ly =Y (Lpy +Lg),

roe Ls; — paccrosHue MexIy TMepeaHeidl W THUIbHOM
KpoMKamu k-ro Owia. 3HaueHue L; IPUHUMACTCS
PaBHBIM HYJIFO, €CITH ThUIbHAs KPOMKa k-ro Omia
HE B3aMMOAEUCTBYET C MPSIBIO;
Lpy, — ivHa yYacTKa MPsIA MEXKITY ThUTBHOU KPOM-
kot (k — 1)-ro u mepennei Kpomkoii k-ro Oua.

Lpy :\/(Xk ~ X))+ Y = Ygy)®

3mece Xk, Yy — TeKymIue KOOPOMHATHI IEPEIHEH,
X1y, Y (k-1 — TBUIbHOM KPOMOK (cM. [2]).

[Tpu noBopoTte TpenaisHOro HapadbaHa Ha yroj

0 UBMCHCHHUEC MJIMH YYaCTKOB MCKIY TOYKOH 3aKUMa

U TepenHel Kpomko# k-ro Omna mokasaHo Ha puc.2,

JIMHEHHOW CKOPOCTH JIBW)KEHHMS NPSAN OTHOCHTEIIBLHO

KPOMKH Omita — Ha puc.3. VicxonHble JaHHbIE YKa3aHbI
B paHee OIyOJIMKOBaHHOM padorte [2, ¢.162].



Edited by Foxit PDF Editor
Copyright (c) by Foxit Software Company, 2004 - 2007
For Evaluation Only.

Puc. 1. IIpsias (1) Ha nepeaneii (2) ¥ ThLIbHOI (3) KPOMKe OWILHON IVIAHKH
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Puc. 2. ITMHBI YYACTKOB MEKAY 32:KUMOM
U nepegHeii KpOMKON k-ro 0uia

st ompeneneHus B HENOABHKHOM cucTEME
koopanHaT XOY MOAysst MOJHOH CKOPOCTH TPOU3-
BOJIBHOW TOYKH S NpsAM, NpUieraromeil K KpoMmke
OWMJIBHOM TJIAHKU Ha Jyre (p, 0003HAUUM YTOJ MEXIY
OuccekTpucoil O yriia oxBaTa HPSIbI0 KPOMKH M pa-
JINyCOM, TMPOBEJEHHBIM M3 LEHTPa KPUBHU3HBI MPSAU
Ok ¥ TOuKy S, uepe3 Wy, a Yrojl MeXIy BEeKTOpaMu

Puc. 3. CkopocTu ABH:KEHHS NPSIH
OTHOCUTEJbHO KPOMKH k-r0 0uiia

nepeHocHor V¢ u monHo# V ckopoctd — depe3 Wk
Bocnonp3oBaBimck TeOpeMoi KOCHHYCOB, BBIpPa3UM
MOJIHYI0 CKOPOCTh Vi TOUKM S MpSAM MO ABYM H3-
BeCcTHBIM cTopoHaMm V,° u V| u yrury (& — yy):

2 2
Vi =2 +(VE)? =20 VE cos(E —w).
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a yroa Wk onpenenum, UCIOJIb3ys TEOPEMY CUHYCOB:

r

Ve
W} = arcsin —k51n(§k -vi) |-
Vi

3aMmeTuM, 4TO HeT cMmbicia cuutath Wk mpu
Vk: 0.
I'paduk M3MeHEHUs MOTHON CKOPOCTH ITOKa3aH

o e
Ha prc.4, yriia ¥ Mexy BeKTOpamMH HepeHOCHOH V,
U oJHoM V) ckopoctr — Ha puc.5. 3nauenus Vi u ¥

HOJIyYeHbI MY 3HAYEHHUSIX Vke =8 M/cu Vkr =10 m/c.

PaccmatpuBaeTcs ciiydaid, KOT[a CBOOOIHBIA KOHEIl
MPsIIA 3aXJIECTHYJICS 3a OWIBHYHO IDIaHKY. To ecTh
JUarma3oH W3MEHEeHWs yria Wy oT —m/2 mo m/2. Kak
BHJIHO M3 rpaduka, CKOPOCTH OTACIBHBIX y4YacTKOB
MIPSITA MOTYT CYIIECTBEHHO MPEBOCXOIUTH CKOPOCTH

e
JABUIKCHUSL KPOMOK OMJIBHBIX IUIAHOK Vk . TaK, Ha-
a0
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Puc. 4. IlotHas ckopocTh y4acTKa Npsjau S,
PACIIOJI0KEHHOI0 HA IepeaHeii (a)
M ThLIbHO¥ (0) KpoMKe On1a
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npuMep, Haberaromas BETBh CBOOOIHOTO KOHIIA TIPS-

mm umeer ckopocts V, =VE + V] =8+10=18 m/c,

a cberatomasn V, =V =V} =8—10=2wm/c. 3ame-
THM, YTO YYacCTOK NpPSIH, 3aXJICCTHYBIIHNCS 32 OWIIb-
HYIO IDIaHKY, IIEpeMeIIaeTcsi CO CKOpOCThIo B (1+sin))
paza OonbLICH, YeM IepPEeHOCHas CKOPOCTh KPOMKH
ouwta V° (A — yroa HaklIoHa NIOCKOCTH OUIBHOM
TJIAHKH K PaJiuycy).

AHanoruyHple 3aBHCHUMOCTH JJIA TBHIJIbHOM
KPOMKH OMJIbHOH IJIaHKH

' 2 2
Vi =) + ()% ~ 20V G cos(&y — o).
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W = arcsin V—ksin(fk/ +y) |
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Puc.5. Yrou mexay BeKTOpaMu nepeHocHoii Ve
M MOJIHOM V CKOpOCTH A1 nepeaHeii (a)
U ThUIBHOI1 (0) KpOMKH OuJIa
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Monyns 1 HampaBlI€eHHE BEKTOpa BO3IYIIHBIX
MOTOKOB B IOJIE TPENaHHUs Vy 3aBUCUT OT MHOXKECTBA
(hakTOpOB — OT BEJIMYMHBI YIJIOBOM CKOPOCTH U KOH-
CTPYKLUH TpENalbHBIX 0apadaHOB U UX OIPaXKACHHH,
OT Hayajla KOOpJAMHAT 3TOro Bekropa. Iloaromy mare-
MaTHYECKHH anmapaT Jyis ero MOJHOW UIeHTU(HKaA-
MK pa3paboTaTh OYCHb CIIOXKHO. Panee, mpu paspa-
00TKE MareMaTHYeCKHX MoJesel, ONUCHIBAIOLINX
CHUJIBl HATSDKEHUS M HOPMAJIBHOTO JABJIEHMS, IPU MO-
UCKE 3HAYEHHH CHJI a’pOJAWHAMHUYECKOTO COINPOTHB-
JIEHHs NEPEMEIIEHHUIO MPSAN B BO3MYIIHBIX MOTOKaX
ONHPAIIUCh HAa PE3YIbTATHl 3KCIEPHMEHTAIBHBIX 3a-
MepoB 3TuX cui [3, ¢.36-38].

IIpuMem, 4TO HampaBJIEHHE BEKTOPA CKOPOCTH
BO3ZYIIHBIX IIOTOKOB B IIOJIE TPEMAHUS AJISl y4acTKa

Y

TIPSITA, TIPIIICTAIOIETO K MepeqHel KpoMmKe k-ro Om-
na, V;f OyzeT coBmazaTh IO HANpPaBIECHUIO C BEKTO-
POM CKOpOCTH TiepefHeld KPOMKH OWIBHOW IUTAHKH
k-ro Ouna, HO MeHBIIE MO MOIYJIO STOH CKOPOCTH
(cM. puc.6).

CKOpOCTh TOYKH TPSAAM S, pacroyiararonieics
Ha mepegHed KpoMkH k-ro Ouiia, OTHOCHUTEIBHO BO3-
IOYLUIHBIX [OTOKOB MOJISI TpemaHust Vg, ompenenutcst
KaK BEKTOpHasi pa3HOCTh aOCOJIIOTHOW CKOPOCTH IIpsi-
paesl Vk U CKOPOCTU BO3AYHIHBIX MNOTOKOB B IIOJIE TPC-

8
nanus Vj,

Vop =V, —VPE.

£79,/2290°

Puc. 6. [Ipsiab B mose TpemiHml

Torga mo MOIym0 CKOPOCTh TOYKH S B BO3-
IOYIIHBIX TTOTOKAaX MOXKHO 3aIlfcaTh, BOCIIOIb30BAB-
LIMCh TEOPEMOI KOCUHYCOB. J1Jis epeIHeN KPOMKH:

Vgr = \/(ng)z +VE =20V, cosyy .

Jna onpeneneHus yria MekIy BEKTOpaMU
CKOPOCTEH TOUYKH IPAJU HA ThUIBHOM KPOMKE U BO3-
JlyXa MBICIIEHHO IIEPEHECEM BEKTOP CKOPOCTH BO3-

JIYIIHBIX TTOTOKOB ng B TOYKY, I'/Ie 3aKaHYMBACTCS
KOHTAKT NPSIIU C THIJIbHOW KPOMKOW OMIIBHOMW IUIaH-
ku (k+1)-ro 6una (cMm. puc.6). ITockoiabKy cMeXHbIE
Omna mapubIX OapabanoB (k-¢ u (k+1)-e) cmemeHs!
Ha yroi n/Z (Z — uucno 6un Ha GapabaHe), a mepea-
HSISL ¥ TBUTbHAsI KDOMKH OWJIBHOM IUTaHKM Ha yrou f3,
TO YroJl MEXAYy BEKTOpPaMH CKOPOCTH BO3IYIIHBIX

6 o
OTOKOB V. M abCOJIOTHON CKOPOCTH TOYKH MPSIIN
MOKHUIAIOMEH ThUIbHYI0 KpoMKy (k+1)-ro Gmma om-



penenurcst u3 BoipakeHust Wi+ n/Z — B. Toraa s
TBHUIbHOW KPOMKH:

4 T
Vi1 = \/(Vlf)z + Vk2'+1 = 2V{Vr 1 cosWyryy + 7~ B -

Jnst onpeneneHus CUll adpoAUHAMHYECKOTO
COIPOTHBIICHUS TIEPEMEIICHUIO TPSIH B BO3IYII-
HBIX IIOTOKaX MPHMEM:

- TIOCKOJIbKY a3pOIMHAMHYECKHE CHJIbI IIPOIIOPIHO-
HaJbHBl KBajpaTy OTHOCHTEIBHOH CKOPOCTH,
CPEIHIOI0 CKOPOCTh BO3/lyXa OTHOCUTENBHO NPSaH
KaKk cpeJHee KBaJpaTU4HOE CKOPOCTEH mepeme-
IIEHUs KpaifHUX TOYEK ydacTKa MEXAy MepeaHeit
KpoMmKo# k-ro 6una u TeutbHOHM KpoMkoii (k’+1)-To
onia.
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- YCpEIHEHHBIH YroJl MEXAYy BEKTOpaMH CKOPOCTH
IPAIY ¥ BO3AYIIHBIX IIOTOKOB

T
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BBIBO/IbI

[IpennoxxeHHass MareMaTudeckass MOJIEIb,
MpOBEpEHHas] MyTeM KOMIIBIOTEPHON peanu3alui,
MO3BOJISIET aHAJIM3UPOBATh OTHOCUTENIBHBIE CKOPO-
CTH IIPSITU B BO3YITHBIX TOTOKAX ITOJIS TPEIaHUS.
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